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Fig. 1: Example of 2D block-cyclic data distribution

B. Error Propagation

Radiation induced soft error strikes at random moment and
area, normally in the form of bit flip. For algorithms like LU
factorization, errors caused by bit flip are carried along with
computation.

In ScaLAPACK, the left factor L is stored in-place at the
lower triangular of the original matrix except the 1’s on the
diagonal, and the right factor U takes over the upper triangular
including diagonals at the end of the factorization. Once an
iteration finishes, the lower triangular L and upper triangular U
that are finished till this iteration do not participate any future
operation and therefore that soft error that occurred after this
moment in these area does not propagate except being moved
vertically by pivoting. Soft error in the trailing area, namely
U12, L21 and A22 in Equation 1, propagates into clean areas.

Fig. 2 is a demonstration of such a situation. Two LU
factorizations of the same data are run. One with errors and
one without error. The matrix size is 200⇥ 200 with block
size 20. The two final results are subtracted and colored by
the size of the absolute value of the residue. The brighter the
color, the larger the residue. Using MATLAB notation, two
soft errors are injected at location (50,120) and (35,10) right
before the panel factorization for blocks (41 : 200,41 : 60)
starts. Error at (35,10) is in the finished L area and therefore
does not propagate. Error at (50,120) is in the PDTRSM
area. During PDTRSM, data in column 120 gets affected and
this column of errors continues into the PDGEMM area (the
trailing matrix for step 40) until PDGETF2 starts on blocks
(100 : 200,100 : 121) when errors spread out to the whole
trailing matrix (120 : 200,120 : 200). It is worth noting that
errors on the diagonals also cause pivoting sequence to divert
from the correct sequence, and this affect the areas below row
120 of L.

From the example, it can be seen that large areas of the
final L and U can be contaminated by a single soft error, and
the affected area is a function of the soft error location and
moment of injecting, which is unknown beforehand. Available
fault tolerance, like C/R and diskless checkpointing, are not
applicable because they require the location and time infor-
mation of error, and by the end of the factorization the error
could have propagated into their checksum and invalidated the
redundancy for recovery.

Fig. 2: Error propagation

IV. SOFT ERROR MODELING

Given the feature of soft error propagation in LU factor-
ization, we adopted the error modeling technique proposed in
[17], which was designed for soft error in LU factorization
with pairwise pivoting on systolic arrays and extended to
ScaLAPACK LU.

Soft error is treated as rank-one perturbation to the original
matrix prior to factorization. LU factorization is viewed as
matrix multiplied from the left by a set of triangularization
matrices to get the final triangular form. Let

A0 = A

and
At+1 = LtPtAt

Pt is the partial pivoting matrix at step t. At step t, error occurs
at random location (i, j) in matrix A as

Ãt = LtPtAt �leieT
j (2)

= (Lt�1Pt�1 . . .L0P0)A0�leieT
j

ei is a column vector with all 0 elements except 1 as the ith
element. Continuing factorization from step t equals to starting
factorization from the initial error matrix

Ã = A�deT
j

where d = l (Lt�1Pt�1 . . .L0P0)�1ei
And at the end of the factorization,

PA0 = LU

where U is upper triangular matrix.
In essence, this model treats soft error as a perturbation to

the initial matrix similar to rounding errors so that backward
error analysis [29] can be used for designing the recovery
algorithm.


